Kendall's tau statistic has been applied to test an association of bivariate random variables. However, incomplete bivariate data with a truncation and a censoring results in incomparable or unorderable pairs. With such a partial information, Tsai (1990) suggested a conditional tau statistic and a test procedure for a quasi independence that was extended to more diverse cases such as double truncation and a semi-competing risk data. In this paper, we also employed a conditional tau statistic to estimate an association of bivariate interval censored data. The suggested method shows a better result in simulation studies than Betensky and Finkelstein's multiple imputation method except a case in cases with strong associations. The association of incubation time and infection time from an AIDS cohort study is estimated as a real data example.
Introduction
There are several approaches to measure associations between two variables. Among them, Kendall's tau is commonly used because of rank invariant property and has powerful asymptotic properties such as a U-statistic. With a pair of bivariate data (T 1i , T 2i ) and (T 1 j , T 2 j ), a Kendall's tau is defined as τ = E{sgn((T 1i − T 1 j )(T 2i − T 2 j ))} where sgn(x) = 1 for x > 0, sgn(x) = −1 for x < 0, and sgn(x) = 0 for x = 0. It is also interpreted as the difference between concordance rate and discordance rate. The value of τ is between −1 and 1. When T 1 and T 2 are independent, the probabilities of concordance and discordance are same and implies τ = 0. For complete data, it is estimated as,
where a score a i j = 1 if T 1i > T 1 j ; −1 if T 1i < T 1 j and b i j = 1 if T 2i > T 2 j ; −1 if T 2i < T 2 j . Then a i j b i j = 1 for (T 1i − T 1 j )(T 2i − T 2 j ) > 0 which is a concordant pair and a i j b i j = −1 for (T 1i − T 1 j )(T 2i − T 2 j ) < 0 which is a discordant pair. Thenτ is an unbiased estimator of τ and n 1/2 (τ − τ) is known to have asymptotically normal distribution (Hoeffding, 1948) .
However, for an incomplete data with censoring and truncation, the estimation of τ has been challenging. For a right censored data, in order to compensate incomparable pairs, Brown et al. (1974) suggested weighted scores. Weier and Basu (1980) modified the estimator to reflect the admissible information of comparable pairs. Oakes (1982) suggested an estimator using only comparable pair and tested a null hypothesis, H 0 : T 1 ⊥ T 2 . Wang and Wells (2000) utilized an integral form with an estimated bivariate survival function and expressed it as a V-statistic. Hsieh (2010) considered several types of imputed times to replace a censored data and calculated τ estimates based on imputed values. Tsai (1990) has alternatively extended Oakes' idea and considered a comparable pair for a left truncation data. In more detail, when T 1 and T 2 are denoted as left truncation time and failure time, respectively, the comparable pair satisfies T 1 < T 2 . For this restricted data, he suggested a conditional tau statistic in that uses only partial information. A comparable pair with a left truncation is then defined as
and a corresponding conditional tau is estimated aŝ
This restriction also derives a test statistic for a quasi-independence, H 0 : T 1 ⊥ Q T 2 . Martin and Betensky (2005) consider more general truncation schemes and suggest several estimators for a conditional tau. They represented these estimators with U-statistics and derived corresponding variances. For example, the available data includes censoring information when a right censoring data is added to a left truncation,
and a corresponding conditional tau is estimated bỹ
They also extended to test a quasi-independence for doubly truncation data and an interval censored data with a truncation. However, the suggested estimators can make poor performance when a true τ gets away from zero. To correct a selection bias from censoring, Lakhal et al. (2009) suggested an IPCW estimator under a bivariate right censoring without truncation. Under a semi-competing risk data, Hsieh and Huang (2015) applied the IPCW technique to estimate a conditional tau. Denote X i and Y i as time to non-terminal event and time to terminal event, respectively. Therefore, X i is censored
Then a comparable and orderable pair is defined as
and a corresponding conditional tau iŝ where
To estimateP(C > t), the Kaplan-Meier estimator is implemented with (Y i , 1 − δ i ). Our interest in this paper is to estimate a conditional tau under bivariate interval censored data and test a quasi-independence between two interval censored data. In Section 2, we extend a conditional tau to bivariate interval censored data. In Section 3, finite sample properties of the suggested method are evaluated through some simulation studies and AIDS cohort study is analyzed in Section 4. We remark some issues in Section 5.
Conditional Kendall's Taus for Interval Censored Data
We propose a new estimator for τ c under bivariate interval censored data where it is more burdensome to calculate both concordance and discordance because of overlapping rectangles and of uncertain orderings of even non-overlapping rectangles. Figure 1 shows a graphic representing bivariate interval censored data with concordant, discordant and incomparable pairs. Top left is a concordant pair, top right is a discordant, bottom left is non-overlapping but incomparable and bottom right shows an overlapping case. There are several approaches to calculate an association for interval censored data. Betensky and Finkelstein (1999) implemented a multiple imputation technique using the estimated bivariate distribution in order to replace unknown bivariate failure times. However, the derived imputed results reproduce rectangles which can result in incomparable pairs. Therefore, these are again excluded from the calculation. As another method, Bogaerts and Lesaffre (2008) utilized the following formulae, τ = 4 F(x, y)dF(x, y) − 1, where a bivariate distribution function was estimated with a smoothing technique based on a normal approximation. They also suggested a cross-hazard function to measure a local association; however, diverse simulation studies were not discussed in their paper.
. . , n} as an observable data consisting of bivariate interval censored data and censoring indicators, respectively. Here, instead of observing failure times T 1i and T 2i , we observe interval censoring times satisfying L
Similar definition is defined with δ 2i . We assume that interval censoring times are independent of both failure times. In order to extend the comparable and orderable pair like (1.2), (1.3) and (1.4) to a bivariate interval censored data, defineL
. Furthermore, pairwise censoring indicators are defined as δ
Then the comparable and orderable set is
The jackknife approach is applied since the asymptotic variance ofτ B c is difficult to derive,
is an estimate based on the data deleting the i th subject andτ
Simulation
In this section, simulation studies are performed to examine the finite sample performance of the suggested estimators. 300 simulation samples were generated and bivariate failure times are generated from Clayton's copula model where the association parameter can be expressed as α = 2τ/(1 − τ), that is, (T 1 , T 2 ) has a following joint survival function,
In order to make an interval censored data for T 1 , generate m's u from a uniform distribution
Here m is set depending on right censoring rate. Similar method is applied to make an interval censored data for T 2 . With each setup described above, two sample sizes (n = 100, 200) are considered. In this simulation, we set τ = 0.0, 0.3, 0.5, 0.7. Where, τ = 0 means T 1 and T 2 are independent. We consider two different high right censoring rates since it is related with the amount of orderable pairs. Table 1 shows the simulation result under moderate right censoring rate and Table 2 is one for a high right censoring rate. Under a moderate right censoring rate, the suggested method brings in unbiased estimators and satisfies 95% coverage probabilities (CP) at most cases except τ = 0.7. The averaged standard error based on the Jackknife method (SSE =σ ĉ σ ĉ σ c ) is also close to the empirical standard deviation (SEE). However, a high right censoring case (i.e. a high rate of unorderable pair) provides under-estimated results except τ = 0. In particular, a stronger association produces a more underestimated estimation. Table 3 shows biases and MSEs under two different censoring rates that compares the suggested method and the Betensky and Finkelstein's estimator. Under moderate censoring, the suggested estimate has a smaller bias and smaller MSE but at a high right censoring, the conditional tau has larger bias at τ = 0.5.
Data Analysis
The suggested method is applied to the datasets from AIDS Clinical Trials Group Protocol 181. A cohort study of 257 individuals with Type A or Type B hemophilia was analyzed by DeGruttola and Lagakos (1989) and Kim et al. (1993) to estimate the distribution and regression coefficient, respectively. As the application of the suggested method, we investigate the association between HIV infection time and AIDS incubation time (or diagnosis time) using a null hypothesis, H 0 : τ c = 0. HIV infection is determined from a blood test; therefore, the exact HIV infection time is unavailable and is observed with an interval form such as XL ≤ X ≤ XR. Here, XL is the last inspection time with negative infection and XR is the first inspection time with positive infection, respectively. Therefore, a corresponding incubation time is also an interval censored with (T L, T R) where T denotes an AIDS diagnosis time, then T L = T − XR and T R = T − XL, respectively. Among heavily treated 97 HIV positive patients, 29 patients got AIDS positive results. When applying the suggested method, a conditional tau τ B c = −0.189 (se =σ c = 0.064) is estimated and a corresponding p-value = 0.012 is derived based on an asymptotic normality. It indicates that infection time and incubation time are negatively correlated and patients with an early infection time have a higher chance to extend the AIDS diagnosis time than patients with a late infection time.
Discussion
In this paper, we investigate an association measure for bivariate interval censored data. However, incomparable pairs occur and an ordinary tau statistic is not suitable due to the existence of both overlapping rectangles and uncertain ordering for even non-overlapping rectangles. Tsai (1990) suggested a quasi-independence based on the comparable set for truncated data and Martin and Betensky (2005) applied it to data with doubly truncation and interval censored with truncation. We defined an orderable set and calculated a conditional tau by extending their method to bivariate interval censored data.
According to simulation results, the suggested method provides unbiased result under a moderate right censoring and a jackknife variance estimator works well for several tau values. However, extra simulation study shows the conditional tau estimator results in under-estimation under a high right censoring. In order to solve this problem, we can consider a weighting method following Hsieh and Huang (2015) who considered a semi-competing risk data. However, while their weight is based on the distribution of right censoring times, our case is not so simple since interval censoring data occurs with observation process; consequently, modeling such process requires several assumptions and models. Finkelstein et al. (2002) derived a joint likelihood of observation process and event process and applied an EM algorithm in order to estimate related parameters. Therefore, the estimated observation process can be implemented to reflect a high right censoring rate. Another alternative weighting method is related with the recovery of the loss of information. Bivariate interval censoring data has pairs with overlapping rectangles and uncertain orderings of even non-overlapping rectangles. Therefore, it would bring a more efficient result by assigning some weight instead of dropping these pairs from the estimation procedure. We also consider to extend Brown et al. (1974) 's method.
